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I present a family of one-dimensional time reversal lattice Hamiltonians whose exact ground states
are bosonic non-Abelian fractional quantum Hall liquids with well defined total chiral momentum.
These Hamiltonians describe k-hard-core bosons and involve long-range tunneling and interaction
processes with an amplitude decaying with the chord distance. For k = 2 the ground state is a p-wave
paired phase corresponding to the Pfaffian quantum Hall state. This family of non-Abelian liquids
is shown to be in one-to-one correspondence with a family of non-Abelian spin- k
2
liquids exhibiting
hidden non-local order. They are total singlets made out of k indistinguishable Resonating Valence
Bond states. The corresponding spin parent Hamiltonians are obtained.
PACS numbers: 03.65.Vf, 75.10.Pq, 75.10.Kt, 05.30.Pr, 05.30.Jp
Non-Abelian states of matter [1] represent an exotic
organizational form of quantum matter that contradicts
the traditional paradigms of condensed matter physics.
In these states, particles are ordered following a hidden
global pattern which is not associated to the breaking of
any symmetry and is revealed in the presence of topolog-
ical quasiparticles obeying non-Abelian statistics [2, 3].
The study of non-Abelian phases is at the frontier of cur-
rent theoretical and experimental research [1] with three
fundamental objectives: the understanding of the sub-
tle interplay between topology and quantum mechanics
leading to the formation on non-Abelian phases, the ex-
perimental realization of non-Abelian anyons in the labo-
ratory, and the possible realization of a topological quan-
tum computer [3, 4], in which non-Abelian anyons could
be used to encode and manipulate information in a man-
ner resistant to errors. There is a strong belief that non-
Abelian phases might exist in fractional quantum Hall
systems in the form of the so called Pfaffian state [5–8],
and a huge theoretical and experimental effort is cur-
rently dedicated to the observation of such state in sys-
tems at filling factor ν = 5/2 [1, 4, 9–11]. Closely related
states have been predicted to occur in superconductors
with p-wave pairing symmetry [3, 12] and hybrid systems
of superconductors with so-called topological insulators
[13]. It remains a challenge to develop theoretical models
that allow us to deepen our understanding of non-Abelian
phases and help us to identify other experimental setups
where to observe them and test the non-Abelian statistics
of their excitations.
In the search for scenarios leading to the emergence
of non-Abelian states, it is illuminating to analyze the
essential features of non-Abelian liquids expected to ap-
pear in fractional quantum Hall systems [5–8]. In these
liquids, particles organize themselves forming clusters, in
such a way that all clusters are described by the same
many-body wave function, which corresponds to an in-
compressible liquid state like, for instance, the Laughlin
state [14]. The indistinguishability between clusters gives
rise to an internal degree of freedom in the space of ex-
citations, which together with the incompressibility of
each cluster, leads to the non-Abelian character of the
quasiparticles. The emergence of such cluster structures
can be thought as the result of the interplay of three in-
gredients: 1) projection onto the lowest Landau level, 2)
conservation of total angular momentum, and 3) com-
mensurability, at certain special filling factors, between
the number of particles and the total angular momentum
that minimizes the interaction between the particles.
Projection onto the lowest Landau level [15], where
single-particles states (in the symmetric gauge) have well
defined angular momentum, resembles the projection
onto the lowest band of a one-dimensional lattice system
[16], where single-particle states with well defined quasi-
momentum have the same functional form as those of the
lowest Landau level. Naively, one is tempted to predict
that non-Abelian liquids equivalent to those of fractional
quantum Hall systems could emerge for one-dimensional
systems in the presence of dominating interactions, pro-
vided that time-reversal symmetry was broken in the ap-
propriate manner. This possibility was conjectured in
[17]. However, there is a fundamental difference between
both systems which seems to endanger the stability of
such one-dimensional states: for a one-dimensional lat-
tice system, interactions do not preserve the total angular
momentum in the ring, which is only conserved modulo
2pi. It seems that no reasonable Hamiltonian would sta-
bilize a one-dimensional non-Abelian fractional quantum
Hall liquid: such a state would rapidly decay through
mixing with other states with equivalent angular momen-
tum.
In this work I present a family of one-dimensional time
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FIG. 1: Three-body Hamiltonian for k = 2 hard-
core bosons. a, One-dimensional lattice ring with M
sites. The chord distance between sites i and ` is given by
di` = M/pi sin θi`. b, c, Schematics of virtual processes for
k = 2 hard-core bosons leading to long-range tunneling (b)
and interactions (c).
reversal lattice Hamiltonians whose exact ground states
are SU(2)k non-Abelian fractional quantum Hall bosonic
states of the form:
Ψ(k) =
kn∏
i=1
zi S
{
Φ[z
(1)
1 , . . . , z
(1)
n ] · · · Φ[z(k)1 , . . . , z(k)n ]
}
.
(1)
These states consist of k identical copies of the Laughlin
state
Φ[z] =
∏
i<j
(zi − zj)2, (2)
symmetrized over all possible assignments of the kn par-
ticles to each copy. The coordinate z = ei2pix/M is the
one-dimensional complex coordinate in the ring, with
x = 1, . . . ,M denoting the lattice site and M the number
of lattice sites. I consider the case in which M = 2n, so
that the filling factor of the state Ψ(k) is ν = k/2. For
k = 2 this state corresponds to the celebrated Pfaffian
state:
Ψ(2) =
∏
i
zi Pff
(
1
zi − zj
)∏
i<j
(zi − zj), (3)
which is believed to underlie the physics of fractional
quantum Hall systems at filling factor 5/2. At level k
the state (1) corresponds to a non-Abelian state hold-
ing SU(2)k non-Abelian anyons [7, 8]. The idea of using
symmetrized indistinguishable cluster states as Ansatz
wave-functions for non-Abelian one-dimensional bosonic
liquids was proposed by the author in [17].
The one-dimensional states in Eq. (1) can not be char-
acterized by any local order parameter. They exhibit a
global hidden order which is associated to the organiza-
tion of the bosonic particles in identical indistinguishable
clusters. I show below that at level k, the state in Eq.
(1) can be uniquely characterized by being the only one-
dimensional bosonic state satisfying the following three
conditions at the same time: 1) it vanishes when k par-
ticles coincide at the same lattice site, 2) it possesses
time reversal symmetry, and 3) it has well defined total
chiral momentum, a quantum number that is defined in
this work in analogy to the angular momentum in frac-
tional quantum Hall systems. By imposing conservation
of these global quantum numbers an exact parent Hamil-
tonian emerges, which has the the form:
H
(k)
B =
∑
` 6=i,` 6=j
cos θij
sin θi` sin θj`
a
†(k)
i n
(k)
` a
(k)
j . (4)
Here the operators a
(k)
i (a
†(k)
i ) are bosonic annihilation
(creation) operators at lattice site i, constrained to the
k-hard core condition [a
(k)
i ]
k+1 = 0. The operator
n
(k)
` = (1− [a(k)` , a†(k)` ])/(k+1) vanishes except when the
site ` is maximally occupied with k particles. The Hamil-
tonian in Eq. (4) involves two type of processes. On the
one hand, it involves long-range tunneling between sites i
and j mediated by a third site ` that is maximally occu-
pied with k particles. The amplitude of these processes,
Ji`j = cos θij/ sin θi` sin θj`, depends on the three angles
of the triangle determined by the sites i, `, j. This ampli-
tude decays as 1/di`dj`, where dij is the chord distance
between the sites i and j (see Fig. 1). On the other hand,
the Hamiltonian involves long range density-density in-
teractions between two sites (terms in Eq. (4) with i = j),
provided that one of them is maximally occupied. The
interaction coupling is Ki` = Ji`i = sin
−2 θi` ∝ d−2i` [18].
The family of states Ψ(k) is shown to be in one-to-one
correspondence with a family of non-Abelian spin-k2 total
singlet states of the form:
∣∣Ψspin=k/2〉 = ∑
x1,...,xkn
Ψ(k)[z1, . . . , zkn] S˜
+
x1 · · · S˜+xkn |−〉 ,
(5)
where S˜+x is a renormalized spin-
k
2 raising operator of
the spin at site x, and |−〉 = ⊗Mi=1 |−k/2〉i is the state
with well defined minimum total Sz. For k = 2 the spin
state in Eq. 5 has been proposed as an Ansatz wave func-
tion for a non-Abelian spin liquid in two dimensions [19].
The mapping I present here between hard-core bosons
and spins allows to derive a parent Hamiltonian for these
spin liquids by transforming the bosonic Hamiltonian
(4) into a rotationally invariant spin Hamiltonian. For
k = 1 the state (5) is the Jastrow Resonating Valence
Bond (RVB) state proposed by Haldane [20], a superpo-
sition of many different arrangements in which the spins
are paired forming long-range singlets. The correspond-
ing spin Hamiltonian is the Haldane-Shastry Hamilto-
nian [20]. It is illuminating to see how Haldane-Shastry
Hamiltonian emerges purely from the conservation of two
global quantum numbers: the total chiral momentum and
the total spin. For k ≥ 2 the state (5) has hidden topo-
logical order, which is revealed by writing the state as a
3S=1 S=1 S=1 S=1 S=1 S=1
1
2
1
2
FIG. 2: Schematics of Pfaffian Resonating Valence
Bond State. The spin-1 Pfaffian liquid can be thought as a
state of fictitious on-site pairs of 1/2 spins. These 1/2 spins
are distributed in two identical RVB states. Each local pair
is then projected onto the subspace of total spin 1.
tensorial product of k Haldane RVB states in the form:
∣∣Ψspin=k/2〉 = M∏
i=1
P(s=k/2)i
∣∣Ψs1=1/2〉⊗ · · · ⊗ ∣∣Ψsk=1/2〉 .
(6)
Here P(s=k/2)i is a local projector that maps the tensorial
product space of k ficticious 1/2 spins at site i onto the
completely symmetric subspace with total spin k/2. For
k = 2 this state is depicted in Fig. (2). It resembles
the AKLT spin-1 state [21]. Here the effective 1/2 spins
are paired forming long-range singlets, giving rise to two
identical RVB states. This state has hidden Z2 × Z2
symmetry, owing to the Z2 symmetry of each of the RVB
states. The corresponding parent Hamiltonian involves
three-spin interactions of the form:
H
(3)
spin=1 =
∑
i 6=j 6=`
cos θij
sin θi` sin θj`
(
~Si · ~S`
)(
~S` · ~Sj
)
, (7)
where Sα, α = x, y, z are spin-1 operators.
For k = 2 the properties of the Pfaffian bosonic state
presented here resemble those of a Haldane insulator [22–
24], in which string order emerges as a result of cor-
relations between particle-hole excitations. Moreover,
the spin-1 Hamiltonian (7) is similar to the Haldane bi-
quadratic Hamiltonian for a quantum spin-1 chain [25].
Many-body states for k-hard-core bosons with well de-
fined total chiral momentum. Let me consider a sys-
tem of bosonic particles in a one-dimensional lattice, and
the basis of single-particle states with well defined quasi-
momentum |q〉 = b†q |0〉, where |0〉 is the vacuum state,
b†q =
1√
M
∑
x z
qa†x, z = e
i2pix/M is the complex coordi-
nate in the ring corresponding to site x = 1, · · · ,M , and
q = 0, · · · ,M − 1. Let me define the chiral momentum
operator as:
L =
∑
q
q b†qbq. (8)
In this definition q is always positive, so that a state with
linear quasimomentum −q has chiral momentum M − q.
The operator L is therefore not time reversal. In real
space this operator has the form:
L =
(M − 1)N
2
− i
2
∑
i6=j
e−iθij
sin θij
a†iaj , (9)
withN being the number operator. It involves long-range
tunneling with complex amplitude decaying in absolute
value as the inverse of the chord distance dij .
Let me characterize the subspace Lk of many-body
states of k-hard-core bosons with well defined L and N .
On the one hand, a state with well defined L must be a
symmetric homogeneous polynomial of degree L in the
variables z1, · · · , zN , such that the power of each coordi-
nate does not exceed M−1, the maximum allowed chiral
momentum for one particle. On the other hand, in or-
der to describe k-hard-core bosons, this polynomial must
vanish when k+1 particles coincide at the same position.
For k = 1, it follows that (zi − zj)2 must be a factor for
any pair of particles i, j, and Φ[z] =
∏
i<j(zi − zj)2 is
therefore a factor. For k = 2 the polynomial must vanish
when three particles come together and therefore for any
trio of particles i, `, j, one of the three terms (zi − zj)2,
(zi − z`)2, or (z` − zj)2 must be a factor. This implies
that
∑
i,j 6=k,`
∏
i<j,k<`(zi − zj)2(zk − z`)2 is a factor of
the wave function. For N even, this factor can be written
as S{Φ[z(1)]Φ[z(2)]}, the symmetrization over all possi-
ble ways of distributing the particles in two copies of the
state Φ[z]. Generalizing this result to the case of k-hard
core bosons with N = kn, we obtain that the states in Lk
are polynomials that have Ψ˜(k) = S{Φ[z(1)] · · ·Φ[z(k)]} as
a factor.
At filling factor ν = k/2 there is only one state in
Lk that is real. This state is Ψ(k) in Eq. (1), as can
be proved in the following way. On the one hand, if
Ψ is real and has well defined L, it can be written as
Ψ = R Ψ˜(k), with R a polynomial such that R/R∗ =
Ψ˜(k)∗/Ψ˜(k). Since (zi − zj)2 = z2i z2j (z∗i − z∗j )2, we have
that R∗/R =
∏
i z
2(N/k−1)
i , which for ν = k/2 implies
R/R∗ =
∏
i z
2
i . Therefore
∏
i zi is a factor of R and thus
Ψ(k) is a factor of Ψ. On the other hand, for any real
wave function with well defined L we have that L = (L+
L∗)/2 = MN/2−Mb†0b0/2. Since the factor
∏
i zi ensures
that the power of each particle coordinate is larger than
zero, we have that the number of particles in the q = 0
momentum state vanishes and L = MN/2 = N2/2ν.
Given that Ψ(k) is a polynomial of degree N2/k, it follows
that at ν = k/2, Ψ = Ψ(k).
Parent Hamiltonian for k-hard-core bosons with well
defined total chiral momentum. Let me consider the fol-
lowing Hamiltonian:
H(k) = Pk
(
L− MN
2
)2
Pk + c.c. , (10)
where Pk is the projector onto the subspace of k-hard-
core bosons and c.c denotes complex conjugation. By
construction, the Hamiltonian (10) is positive definite,
it is time reversal symmetric and has Ψ(k) as a ground
state with zero eigenvalue. For k-hard-core bosons at
ν = k/2 this ground state is non-degenerate, since for any
Ψ eigenstate of (10) with zero eigenvalue, we have that
4LPkΨ = L
∗PkΨ = MN/2Ψ, properties that uniquely
identify Ψ(k) within the subspace of k-hard-core bosons.
The Hamiltonian (10) can be written as H(k) =
A†kAk +B
†
kBk + c.c., where Ak = Pk(L−MN/2)Pk, and
Bk = QkLPk, with Qk = 1−Pk being the projector onto
the orthogonal subspace. The Hamiltonian B†kBk+c.c. =
(k + 1)H
(k)
B , with H
(k)
B the Hamiltonian in Eq. (4). It
involves virtual processes in which a particle leaves the
k-hard-core bosonic subspace and returns. The Hamil-
tonian A†kAk + c.c. can be written as (C
†
kCk)
2 + D†kDk,
where Ck =
√
MPkb0Pk =
∑
i a
(k)
i is the projection onto
the subspace of k-hard-core bosons of the annihilator op-
erator in the state of zero momentum. The operator
Dk = Pk(L − L∗)Pk = −i
∑
i 6=j cot θija
†(k)
i a
(k)
j , involves
tunneling processes of complex amplitude within the sub-
space of k-hard core bosons. Altogether, the Hamiltonian
(10) can be written as:
H(k) =
∑
i6=j,` 6=m
V `jim a
†(k)
i a
†(k)
` a
(k)
m a
(k)
j +
∑
i 6=j
Iij a
†(k)
i a
(k)
j ,
(11)
where V `jim = 1 − cot θim cot θ`j ∼ 1/dimd`j , and Iij =∑
` V
`j
i` = sin
−2 θij + 2(M − 1) ∼ d−2ij [18].
This parent Hamiltonian can be simplified to a Hamil-
tonian containing only interactions involving three lattice
sites. Such a simplified Hamiltonian is the one in Eq. (4),
with couplings Ji`j = V
`j
i` . The state Ψ
(k) is an eigen-
state of this Hamiltonian with eigenvalue zero, since we
have BkΨ
(k) = B∗kΨ
(k) = QkLPkΨ
(k) = QkL
∗PkΨ(k) =
MN/2QkΨ
(k) = 0. Moreover, the state Ψ(k) is the only
ground state satisfying CkΨ = 0, as can be seen as fol-
lows. Let us consider a ground state Ψ of the Hamil-
tonian in Eq. (4). Without loss of generality we can as-
sume that this state is real. If CkΨ = 0 we have that
(L + L∗)Ψ = (P + Q)(L + L∗)Ψ = P (L + L∗)PΨ =
(MN − C†kCk)Ψ = MNΨ, and thus 〈Ψ|L|Ψ〉 = MN/2.
Since the maximum eigenvalue of L within the k-hard-
core bosonic subspace is MN/2, it follows that Ψ is an
eigenstate of L, and that therefore it must coincide with
Ψ(k). The condition CkΨ = 0 can be better understood
by turning to a language of spins, in which it is revealed
as the condition of being a total singlet. By imposing
invariance under global rotations the corresponding spin
state can be selected as a unique ground state.
k/2-spin liquids and their parent Hamiltonians. The
Hilbert space of k-hard-core bosons is isomorphous to
the one of k2 -spins. Let me define the following mapping
between bosonic and spin operators:
a
(k)
i −→ S−i
a
†(k)
i −→ S˜+i = TiS+i (12)
a
†(k)
i a
(k)
i −→ Szi +
k
2
,
where Ti = (1 +
k
2 − Szi )−1, and S+i , S−i , Szi are k2 -spin
operators of the ith spin. This mapping is not uni-
tary (except for k = 1), but preserves the commuta-
tion relations of the k-hard-core bosonic operators, so
that [a(k), a†(k)] = [S−, S˜+]. Therefore, given an arbi-
trary state of k-hard core bosons |Ψ〉 = F [a†(k)] |0〉, and
G(a†(k), a(k)) an annihilator of this state, it follows that
the mapping in Eq. (12) will convert it into a spin state
|ΨS〉 = F [S˜+] |−〉 that is annihilated by the operator
G(S˜+, S−).
In particular, the transformation in
Eq. (12) maps the bosonic state |Ψ(k)〉 =∑
x1,...,xkn
Ψ(k)[z1, . . . , zkn] a
†
x1 · · · a†xkn |0〉 onto the
spin state in Eq. (5). Since Ψ(k) is annihilated both by∑
i a
†(k)
i a
(k)
i − k/2 and Ck =
∑
i a
(k)
i , it follows that
the corresponding spin state is annihilated by
∑
i S
z
i
and
∑
i S
−
i , and is therefore a total singlet. Moreover,
using the fact that Ψ(k) is the only ground state of
Hamiltonian (4) with ν = k/2 that is annihilated by
Ck, we can conclude (see supplementary material) that
Ψspin=k/2 is the only total singlet ground state of the
following spin Hamiltonian:
Hspin=k/2 =
∑
` 6=i,` 6=j
cos θij
sin θi` sin θj`
S+i P
(k/2)
` S
−
j . (13)
Here P
(k/2)
` projects the state of the `th spin onto the
state with maximum z component Sz` = k/2. This
Hamiltonian is positive definite. Its rotationally invariant
form is therefore also positive definite and has Ψspin=k/2
as a unique ground state.
Spin-1/2 Haldane-Shastry Hamiltonian. For k =
1 the Hamiltonian (13) is the spin-1/2 Hamiltonian∑
` 6=i6=j Ji`j [S
x
i S
x
j + S
y
i S
y
j ](S
z
` +
1
2 ) +
∑
i 6=j Kij(S
z
i +
1
2 )(S
z
j +
1
2 ), with Ji`j , Kij defined above. By impos-
ing invariance under global rotations, the terms involving
three sites, which have odd parity, cancel, and the Hamil-
tonian is converted (up to an irrelevant energy shift) into
the Haldane-Shastry Hamiltonian:
Hspin=1/2 =
∑
i<j
1
sin2 θij
~Si · ~Sj . (14)
Spin-1 parent Hamiltonian. For k = 2 the Hamiltonian
(13), after imposing invariance under parity, is converted
into the spin-1 Hamiltonian:
Hspin=1 =
∑
i6=` 6=j,i<j
Ji`j [S
x
i S
x
j + S
y
i S
y
j ][S
z
` ]
2 +
∑
i<j
Kij([S
z
i + S
z
j ]
2 − Szi Szj [1 + Szi Szj ]). (15)
The second term in Eq. (15) can be rewritten as
−[P+1i P−1j +P−1i P+1j ], with P+1(−1)i projecting the state
of the i-th spin onto the state |+1〉 (|−1〉). This reveals
effective long range attractive interaction between states
5+1 and −1. By imposing invariance under global rota-
tions, the Hamiltonian in Eq (15) is transformed into:
Hspin=1 = H
(3)
spin=1 +
∑
i<j
Kij [α~Si · ~Sj + β[~Si · ~Sj ]2],
(16)
with H
(3)
spin=1 the Hamiltonian in Eq. (7), and α, β ratio-
nal numbers.
Non-Abelian spin liquids as clusters of RVB states. To
get insight into the spin liquid ground states we have
introduced, it is helpful to notice that their corresponding
bosonic states in Eq. (1) can be written as:
|Ψ(k)〉 = [f(a†)]k |0〉 , (17)
where f(a†) =
∑
x1,...,xn
Ψ(1)[z1, . . . , zn] a
†
x1 · · · a†xn char-
acterizes the Laughlin bosonic state. In particular,
for k = 1,
∣∣Ψspin=1/2〉 = f(S+s= 12 ) |−〉 12 is the Hal-
dane RVB state. For k = 2, the Pfaffian spin-1 liq-
uid is |Ψspin=1〉 = [f(S˜+s=1)]2 |−〉s=1. Introducing two
effective 1/2 spins per lattice site, we have that for
each lattice site [S˜+s=1]
m |−1〉 = P(s=1)[S+
s= 12
]m
′ |−1/2〉 ⊗
[S+
s= 12
]m−m
′ |−1/2〉, where P(s=1) is the projector onto
the symmetric subspace (the space of triplets, with s = 1)
of these two effective spins, and m,m′ = 0, 1, 2, with
m−m′ > 0. Thus we can write:
|Ψspin=1〉 =
∏
i
P(s=1)i f(S+s= 12 ) |−〉 12 ⊗ f(S
+
s= 12
) |−〉 1
2
,
(18)
revealing its hidden organization in two indistinguishable
RVB states.
In conclusion, I have presented a family of one di-
mensional bosonic and spin liquids described by non-
Abelian fractional quantum Hall many-body wave func-
tions. These states exhibit hidden global order, associ-
ated to the organization of the particles or spins in a
collection of identical indistinguishable clusters with well
defined total chiral momentum. For the case of bosonic
particles, each cluster is a Laughlin state. For the case
of spins, each cluster is a Haldane RVB state. This work
demonstrates the stability of these states by construct-
ing a family of exact parent Hamiltonians involving long-
range interactions between a few number of particles or
spins. These Hamiltonians could be realized in experi-
ments with polar molecules stored in optical lattices [26],
where the k-hard-core regime could be achieved through
strong on-site repulsion. The non-Abelian character of
these states is revealed in the presence of non-Abelian
excitations. The analysis of the gap and the excitations
of the Hamiltonians presented here is the subject of an
upcoming work in which it will be shown that the hidden
symmetry (particle-hole symmetry, in the case of bosons,
and parity, in the case of spins) leads to the existence of a
finite energy gap. The realization of these phases would
open a door to the observation of non-Abelian phases and
anyons in one-dimensional systems.
In addition, the states and Hamiltonians presented
here can provide us with a useful description at an ex-
act level of one-dimensional Haldane insulators [22, 23]
and Haldane spin gapped phases exhibiting string order.
Moreover, the class of many-body wave functions pre-
sented here, puts forward a broader class of functions,
consisting of indistinguishable arbitrary two-dimensional
RVB states, which are promising as trial wave functions
to describe non-Abelian spin liquids in two dimensions.
Finally, the approach followed here to derive the par-
ent Hamiltonians by imposing conservation of the global
quantum numbers associated to the hidden symmetries,
sketches a path for the investigation of the intriguing re-
lation between the microscopic interactions in a quantum
many-body system and the emergent non-Abelian topo-
logical order.
After submitting this manuscript, it was brought to
my attention that closely related Hamiltonians and wave
functions have been recently derived in [27, 28].
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